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Structural features of polyelectrolytes as single-stranded RNA or double-stranded DNA confined inside viral
capsids and the thermodynamics of the encapsidation of the polyelectrolyte into the viral capsid have been
examined for various polyelectrolyte lengths by using a coarse-grained model solved by Monte Carlo simula-
tions. The capsid was modeled as a spherical shell with embedded charges and the genome as a linear jointed
chain of oppositely charged beads, and their sizes corresponded to those of a scaled-down T=3 virus. Coun-
terions were explicitly included, but no salt was added. The encapisdated chain was found to be predominantly
located at the inner capsid surface, in a disordered manner for flexible chains and in a spool-like structure for
stiff chains. The distribution of the small ions was strongly dependent on the polyelectrolyte-capsid charge
ratio. The encapsidation enthalpy was negative and its magnitude decreased with increasing polyelectrolyte
length, whereas the encapsidation entropy displayed a maximum when the capsid and polyelectrolyte had equal
absolute charge. The encapsidation process remained thermodynamically favorable for genome charges ca. 3.5
times the capsid charge. The chain stiffness had only a relatively weak effect on the thermodynamics of the
encapsidation.
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I. INTRODUCTION

The structural organization of viruses is characterized by
simplicity and economy. At a minimal level, the viral ge-
nome, which is composed of a number of RNA or DNA
molecules that are either single stranded �ss� or double
stranded �ds�, is surrounded by a spherical or cylindrical pro-
tein shell composed of many copies of almost identical pro-
teins. The linear size of the virus genome can be tens of
microns and is large compared to the diameter of capsid,
usually in the range of tens of nanometers, so the genome
must undergo a high degree of condensation during viral
assembly. The condensation scenario and the resulting struc-
tural organization of viral genomes can approximately be
divided in two groups.

The capsids of viruses with ssRNA genomes—such as the
polio and hepatitis B viruses—require the presence of ge-
nomic RNA molecules for efficient assembly, at least under
physiological conditions �1�. The genome is encapsidated
during assembly. The thermodynamic drive for this “coas-
sembly” process is the strong electrostatic affinity of the
negatively charged RNA molecules for the positively
charged capsid proteins. The outer layer of the genome that
is in contact with the surrounding capsid in fact adopts to a
certain amount the icosahedral symmetry of the protein shell,
presumably as a consequence of this affinity �2,3�. The inte-
rior of the genome, on the other hand, appears to be struc-
turally isotropic with a region of reduced density at the cen-
ter �4–7�. This nucleoprotein electrostatic affinity must be
able to overcome the electrostatic self-repulsion of the ge-

nome that will resist genome compaction. This genomic self-
repulsion is expected to lead to an enhanced pressure inside a
virus.

The importance of the electrostatic interactions for viruses
was first deduced from the fact that the spontaneous assem-
bly of a viral particle under in vitro conditions from an aque-
ous solution with viral proteins and viral RNA molecules—
discovered in 1955 by Fraenkel-Conrat and Williams—only
proceeds over a certain salinity range and for certain salt
compositions �8�. The virus formation free energy has re-
cently been measured by thermodynamic means, and the law
of mass action has been applied for hepatitis B virus �9� and
the cowpea chlorotic mottle virus �CCMV� �10�. The depen-
dence on solution salinity of the formation free energy
��103kT� confirmed the electrostatic origin of coassembly.
The capsid surface charge density obtained from a fit to ex-
perimental data was found to be almost one net electrical
charge per nm2, which agrees reasonably well with the nomi-
nal “chemical” charge of the typical capsid proteins �11�.

The assembly process of viruses with dsDNA genomes,
such as that of the bacteriophage viruses or the herpes virus,
follows a rather different route. The capsid is assembled first.
The genome does not play an essential role in capsid assem-
bly and is afterwards inserted into the preformed capsids by
the action of a powerful molecular motor imbedded in the
capsid.

A key physical difference between ssRNA and dsDNA
genomes in this respect is the bending rigidity. Double-
stranded DNA genomes have a persistence length of the or-
der of 50 nm, which is large compared to the size of the
capsid, whereas ssRNA �or ssDNA� strands have persistence
lengths of the order of a nanometer. The genome of the ph-
age viruses and of herpes has a spool-like organization, again
with a low-density hole at the center, and exhibits no trace of
the capsid icosahedral symmetry �12–19�. Theoretical studies
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based on the wormlike chain �WLC� model of DNA �20–23�,
have confirmed that compaction of a stiff linear chain into
spherical cavity leads to a spool-like structure. Finally, both
thermodynamic �20,22,24,25� and micromechanical �26,27�
studies of the genome compaction by phages report that a
significant amount of positive external work must be per-
formed during DNA compaction. The pressure exerted on the
capsids of the phages has been measured as well and was
found to be �28,29�. Theoretical studies indicate that this
pressure is primarily due to electrostatic self-repulsion of the
dsDNA �21,30,31�. Measurements of the pressure inside ss-
RNA viruses have not yet been carried out. A theoretical
study of electrostatic coassembly of capsid proteins with ge-
neric linear polyelectrolytes, using mean-field theory, found
that the pressure should be practically zero in this case �32�.

A number of computer simulation studies have addressed
the genome conformation within the capsid interior
�20,25,33–37�. In particular, spool-like arrangements of
dsDNA were investigated, based on diffraction �12� and elec-
tron microscopy �16,17� studies of the bacteriophage and
herpes viruses. The simulation studies were carried out on
model genomes consisting of linear chains of hard spheres
�beads�. Although typical bacteriophages have icosahedral
capsids, the confining capsid was mostly modeled as an un-
charged sphere. A more detailed capsid model was recently
considered by Zhang et al. �37�, who calculated the electro-
static potential of CCMV capsid in the absence and in the
presence of N-terminal residues, which was then adopted to
find the distribution of ssRNA with low energy. Despite the
fundamental importance of the electrostatic interaction for
viral assembly, the electrostatic interaction was excluded
�20,33,35�, or included only either as a short-range bead-
bead repulsion of the Debye-Hückel �DH� type �36� or as a
self-attraction using a Lennard-Jones potential representing
the electrostatic cohesive effects appearing in the presence of
multivalent counterions �20�. The linearization in the DH
theory is questionable due to the large surface charge density
of the capsid and the large linear charge density of the ge-
nome.

Charged macromolecules, such as charged colloids and
polyelectrolytes �e.g., RNA and DNA�, and their counterions
are electrostatically attracted to each other. In solution, the
competition between this attraction and the counteracting
mixing entropy give rise to a diffuse layer of counterions
near the macromolecules. When two oppositely charged
macromolecules are brought close to each other in solution,
the free energy of the system is generally reduced. This form
of association of charged macromolecules is characterized
enthalpically by a reduced electrostatic energy and entropi-
cally by a release of the counterions �38�.

In the present paper, we present the results of a Monte
Carlo study of a model system for the nucleoprotein coas-
sembly driven by electrostatic interactions. Our approach in-
volves a coarse-grained model; however, the electrostatics is
treated in full detail, including the presence of the small ions.
The aims of the study are to investigate the genome confor-
mation as well as the encapsidation free energy and its de-
pendence on the genome size and genome flexibility. In par-
ticular, we wanted to address questions such as the maximum
genome size that could be compacted without external work.

The capsid was modeled as a spherical shell with embedded
charges and the genome as a linear jointed chain of oppo-
sitely charged beads. Capsid and genome sizes nominally
correspond to those of a scaled-down T=3 virus such as
CCMV. Counterions for both the capsid and the genome
were explicitly present, but we did not include additional
salt.

Our main findings can be summarized as follows. The
encapisdated chain was located at the inner capsid surface.
For low intrinsic stiffness, the chain configuration was essen-
tially laterally disordered, while with increasing stiffness the
chain adopted a spool-like structure. For undercharged
capsids �genome charge less than that of the capsid� and for
moderately overcharged capsids �genome charge at most
twice that of the capsid� encapsidation is favored both en-
thalpically and entropically. The entropy increase is due to a
net release of small ions. For more strongly overcharged
capsids �genome charge larger than twice that of the capsid�
encapsidation still is enthalpically favored, but entropically
disfavored. When the genome charge exceeds ca. 3.5 times
that of the capsid, the entropy penalty becomes larger than
the enthalpy gain and the encapsidation ceases to be thermo-
dynamic favorable.

II. MODEL AND METHODS

A. Model system

A coarse-grained model has been adopted to examine ge-
neric features of a polyelectrolyte-containing viral capsid and
the thermodynamics of the encapsidation of the polyelectro-
lyte into the viral capsid with the T=3 phage as a template.
The capsid of the T=3 phage has an icosahedral shape with
a net positive charge, predominantly localized near the inner
surface.

The viral capsid is modeled as a homogeneous spherical
shell with imbedded monovalent positive charges. The shell
has an inner radius Rc=50 Å and a thickness Dc=12 Å. The
number of capsid charges is maintained at the fixed value
Nc=250 with the charges positioned at the radial distance of
2 Å from the inner surface. One charge is located at each of
the two poles with the remainder placed along 19 parallel
circles. The curvilinear distance between successive charges
on each circle is maintained at a contained value equal to the
curvilinear distance between adjoining circles to achieve a
near-uniform surface charge density. The polyelectrolyte is
modeled as a linear, charged bead-spring chain with monova-
lent negatively charged beads. The beads are represented as
hard spheres and joined by a harmonic bond potential. The
intrinsic chain stiffness is regulated by including a harmonic
bond-bond angular potential. The spherical shell is assumed
to be impenetrable to the beads. Finally, both negatively and
positively charged monovalent counterions that separately
neutralized the charges of the two polyelectrolytes are in-
cluded. The small ions are modeled as charged hard spheres,
each bearing one unit charge. Unlike the polyelectrolyte
beads, the small ions are allowed to pass across the capsid.
The solvent and shell are treated as dielectric continua with
constant relative permittivity. The model thus contains in to-
tal four different types of particles, viz., �i� the positively
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charged capsid, �ii� the negatively charged beads of the poly-
electrolyte, �iii� the capsid counterions, and �iv� and the poly-
electrolyte counterions.

The thermodynamics of the encapsidation process is ex-
amined by considering the transition between two states. The
initial state comprises separated solutions of a
polyelectrolyte-free capsid with its counterions �labeled C�
and the polyelectrolyte and its counterions �labeled P�, while
the final state involves a solution of the encapsidated poly-
electrolyte and the small ions �labeled CP�; see Fig. 1. The
cell approximation is used to describe the different solutions.
In this approach, one or more polyions �e.g., the capsid, the
polyelectrolyte, or both� plus the neutralizing counterions are
placed in a cell having a hard wall with a shape appropriate
for the polyion and a volume reflecting the polyion number
density. A spherical cell is used for solutions containing the
polyelectrolyte-free capsid or the encapsidated polyelectro-
lyte solution, whereas a prolate-shaped cell is used for the
polyelectrolyte solution. In Appendix A, we discuss in more
detail the selection of the prolate geometry for the polyelec-
trolyte solution. The cell approach is known to be a useful
simplification to examine systems possessing correlations
over different length scales �39�.

The values of the parameters used in the present work and
data of the T=3 phage are summarized in Table I. Although

the dimensions of the model correspond approximately to
those of a T=3 phage virus, this model is of course by no
means a realistic description of a T=3 virus. First of all, the
model does not include any molecular-level structural details
of the polyelectrolyte or the capsid proteins nor does it re-
flect the icosahedral symmetry of the capsid. Actual viral
ssRNA polyelectrolytes have a branched secondary structure
that we are not including. Even a small T=3 virus has a
capsid charge of about +2000 and a polyelectrolyte charge of
about −4500, ca. one order of magnitude larger than consid-
ered here. We also do not examine the possibly important
role of added salt. Our aim is however to examine a model
system that could be used as a testing ground for analytical
theories of the thermodynamics of viral coassembly driven
by the nucleoprotein electrostatic affinity that included the
electrostatic self-repulsion of the polyelectrolyte and the
bending stiffness of the polyelectrolyte, both of which resist
viral assembly.

B. Interaction potentials

The total energy U of a C, P, or CP solution is expressed
as a sum

U = Unonbond + Ubond + Uangle + Ucell. �1�

The nonbonding term Unonbond is the sum of two contribu-
tions

Unonbond = �
i�j

uij�rij� + �
i

uc,i�ri� . �2�

The first contribution represents the hard-sphere and Cou-
lomb interactions between charged beads according to

uij�rij� = �� , rij � Ri + Rj ,

ZiZje
2

4��0�rrij
, rij � Ri + Rj , � �3�

where i and j denote either a polyelectrolyte bead or a small
ion. Moreover, Ri is the hard-sphere radius of particle i, Zi
the valence of particle i, rij the distance between centers of
the particles i and j, �0 the dielectric permittivity of the
vacuum, and �r the relative permittivity of the aqueous me-
dium. The second term of Eq. �2� represents the interaction
between the mobile particles and the capsid charges accord-
ing to

uc,i�ri� = �� , Rc − Ri � ri � Rc + Dc + Ri,

�
j=1

Nc ZiZje
2

4��0�r	ri − r j	
otherwise. �

�4�

Here ri denotes the position of particle i �polyelectrolyte
bead or small ion� and r j the position of capsid charge j.

The second term of Eq. �1�, the bond energy Ubond, is
given by

FIG. 1. Schematic illustration of the encapsidation process with
the initial state composed of separated polyelectrolyte-free capsid
�C� and polyelectrolyte �P� solutions and the final state of a
polyelectrolyte-containing capsid solution �CP�. The capsid and
polyelectrolyte counterions are also displayed, and the shaded areas
with embedded charges denote the capsid. Note, objects are not
depicted to scale.
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Ubond = �
i=1

Nb−1
kbond

2
�ri,i+1 − r0�2 �5�

where Nb is the number of polyelectrolyte beads, ri,i+1 the
distance between two adjacent beads in the chain, r0 the
equilibrium bond distance �r0=5 Å�, and kbond the bond force
constant �kbond=0.4 N m−1�. At room temperature, a thermal
average gives for the root-mean-square �rms� bead-bead
separation 
Rbb

2 �1/2�5.5–6.0 Å. Next, the bond-bond angu-
lar potential energy Uangle of Eq. �1� is given by

Uangle = �
i=2

Nb−1
kangle

2
��i − �0�2 �6�

where �i is the angle between the vectors ri+1–ri and ri−1
−ri that connect the ith bead with the two neighboring beads,
�0 the equilibrium angle ��0=180° �, and kangle the angular
force constant.

Finally, the term Ucell in Eq. �1� describes the confining
cell potential. It is given by

Ucell = �
i

ucell�ri� �7�

with

ucell�ri� = �� , �xi/Rx�2 + �yi/Ry�2 + �zi/Rz�2 � 1,

0, �xi/Rx�2 + �yi/Ry�2 + �zi/Rz�2 	 1,
 �8�

where xi, yi, and zi are the Cartesian coordinates of particle i
and Rx, Ry, and Rz the lengths of the semiaxes of the prolate
cell. For the case of a spherical cell, Rx=Ry =Rz�Rcell.

C. Systems investigated

We examined the encapsidation of nine different polyelec-
trolytes by considering �i� three polyelectrolyte lengths and
�ii� three intrinsic chain flexibilities. The different polyelec-
trolyte lengths are obtained by using Nb=100, 250, and 400
beads. The ratio 
 of the polyelectrolyte and capsid charges
is an important parameter in this context,

TABLE I. Data of the simulated systems and the main characteristics of the T=3 phage.

Variable Symbol Model T=3 virus

Capsid

Capsid inner radius Rc 50 Å 100 Å

Capsid thickness Dc 12 Å 25 Å

No. of capsid charges Nc 250 �2000–2300

Capsid charge Zc +1 +1

Anion charge −1 −1

Anion radius 2 Å

Polyelectrolyte

No. of polyelectrolyte beads Nb 100, 250, 400 �4500

Bead charge Zb −1 −1

Bead radius Rb 2 Å

Bead separation 
Rbb
2 �1/2 5–6 Å 5.6 Å

Bare persistence length lp
0 8.5, 50, 550 Å

Cation charge +1 +1

Cation radius 2 Å

Simulation cells �structure analysis�
Radius of spherea Rcell 100–1000 Å

Radius of sphereb Rcell 500.0, 563.1, 614.6 Å

Simulation cells �polyelectrolyte encapsidation�
Radius of spherea Rcell 427.5 Å

Minor axes of prolatec Rx ,Ry 250 Å

Major axis of prolatec Rz 750, 1875, 3000 Åd

Radius of sphereb Rcell
e

aSpherical cell used for the polyelectrolyte-free capside solution.
bSpherical cell used for the polyelectrolyte-containing capsid solution.
cProlate-shaped cell used for the polyelectrolyte solution.
dAdjusted to a bead number density �b=5.11�10−7 Å−3.
eAdjusted to give VCP=VC+VP �see text�.
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	NbZb	
	NcZc	

�9�

with 	NcZc	=250. Thus, the case Nb=100 corresponds to 

�1 �undercharged capsid�, Nb=250 to 
=1 �charge-neutral
polyelectrolyte-capsid complex�, and Nb=400 to 
�1 �over-
charged capsid�. The ratio of the contour length of the poly-
electrolyte and the interior circumference of the capsid,

 �
�Nb − 1�
Rbb

2 �1/2

2�Rc
, �10�

varies between 2 and 8. The volume fractions of polyelectro-
lyte beads inside the capsid correspond to 0.64%, 1.4%, and
2.6% for the three polyelectrolyte lengths considered.

The three angular force constants selected are kangle
=0.51�10−24, 10.8�10−24, and 121�10−24 J deg−2. These
angular force constants correspond to the bare persistence
lengths lp

0 =8.5, 50, and 550 Å, respectively, as evaluated for
an uncharged polymer according to the relation lp

0

= 
Rbb
2 �1/2 / �1+ 
cos ��� �40�. The first value would be ap-

proximately appropriate for ssRNA and the last value would
be appropriate for ds B-DNA. The ratio of the persistence
length and the inner capsid radius

� �
lp
0

Rc
�11�

adopts the values ��0.2, 1, and 11 for the three different
bending stiffnesses considered.

D. Simulation details

The properties of the model systems were evaluated by
performing Metropolis Monte Carlo �MC� simulations in the
canonical ensemble. All interactions within the cell were
considered; hence no potential cutoff was applied.

Four kinds of trial displacement were employed: �i�
single-particle move, �ii� pivot rotation of a randomly se-
lected part of the polyelectrolyte, �iii� slithering move of the
polyelectrolyte, and �iv� translation of the polyelectrolyte
�only applied to the polyelectrolyte solutions�. The probabil-
ity of the single-particle move was 100 times larger than
those of the other types of trial displacements.

The acceptance rates of the different types of trial moves
for an encapsidated polyelectrolyte are obviously lower than
the corresponding rates in solution at the same set of dis-
placement parameters. That gives rise to a lower equilibra-
tion rate for the encapsidated systems, in particular for large
Nb and/or large lp

0. To better assess the equilibrium structure,
equilibration runs were performed with two different initial
polyelectrolyte conformations: random and spool-like. In the
latter conformation, all beads were placed on a spherical sur-
face with radius 46 Å and with 9.5 Å separation between
two adjoining strands and 6 Å separation between bonded
beads. Results are given for random initial polyelectrolyte
conformations, unless otherwise stated.

After an equilibration run involving 2�105 passes �at-
tempted moves per particle�, the production runs comprised
typically �6–10��105 passes. The reported uncertainties

were calculated by dividing the total simulation into ten sub
batches and are presented as one standard deviation of the
mean. All simulations were carried out using the integrated
Monte Carlo/molecular dynamics/Brownian dynamics simu-
lation package MOLSIM �41�.

E. Structural characterization

The structure of the polyelectrolyte was examined by
computing the structure factor S�q� for polyelectrolyte-
associated beads according to

S�q� =� 1

Nb
��

j=1

Nb

exp�iq · r j��2� �12�

where q is the scattering vector, and r j the position of the
bead j with the limit S�q→0�=Nb, since all beads belong to
the same chain.

We also evaluated the real-space radial density distribu-
tion ��r� and the associated running coordination number
nrc�r�=�0

r4�r�2��r��dr�. The former describes the particle
number density at the radial distance r and the latter the
number of particles within the radial distance r from the
center of the cell with limits nrc�0�=0 and nrc�Rcell�=Ni.

Finally, in order to distinguish isotropic and spool-like
polyelectrolyte structures, we evaluated the toroidal param-
eter � defined as

� =� 1

Nb − 2� �
�=x,y,z

� �
i=2

Nb−1
�ri−1,i � ri,i+1��

	ri−1,i � ri,i+1	 �2�1/2�
�13�

where ri−1,i and ri,i+1 are the vectors of two successive bonds
and � denotes a vector product. The toroidal parameter ap-
proaches 1 when the beads are arranged along an ideal toroid
and fluctuates around 1/ �Nb−2� for a disordered �random�
distribution.

III. RESULTS

We will first discuss the results for the case of a
polyelectrolyte-free capsid in the presence of its counterions.
Then, we will turn to the results for capsids filled by poly-
electrolyte molecules of variable length and stiffness. Fi-
nally, we examine the thermodynamics of the encapsidation
process.

A. Polyelectrolyte-free capsid

Our model for a polyelectrolyte-free capsid is illustrated
in Fig. 1 �top left�. Recall that counterions are able to
traverse the capsid, so the number of counterions inside the
capsid is not a conserved quantity. The dependence of the
counterion distribution on the cell volume was investigated
by varying the cell radius over the interval Rcell
=100–1000 Å. Figure 2 displays the radial number density
��r� and running coordination number nrc�r� for cell radii
Rcell=100 �solid curves� and 1000 Å �dashed curves� over
the radial interval r=0–100 Å.
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Counterions are densely accumulated on the capsid sur-
faces and in particular on the inner one �Fig. 2�a��. The con-
tact density is five times larger at the inner surface as com-
pared to the outer one. The stronger accumulation of
counterions at the inner surface is mainly a consequence of
the capsid charges being located closer to that surface. The
value of the running coordination number at r=Rc shows that
ca. 50% of the counterions are residing inside the capsid
�Fig. 2�b��. It might be expected that number of interior
counterions decreases with increasing cell size for entropic
reasons, but a 1000-fold increase of the cell volume reduces
the average number of counterions inside the capsid by only
a small amount, from 130 to 121, and the counterion density
profile inside the capsid is only marginally affected. How-
ever, the exterior counterion density is markedly reduced
when the cell volume was increased, e.g., a 50% density
decrease at 10 Å from the surface appeared. For the present
capsid model we conclude that �i� the monovalent counteri-
ons are approximately equally partitioned inside and outside
a polyelectrolyte-free capsid and �ii� the counterion partition-
ing is only very weakly dependent on the cell volume.

The effects of the position and representation of the
capsid charges on the counterion distributions have also been
examined. First, the radial position of the capsid charges has
a considerable impact on the number of counterions inside

the capsid. As the radial position of the capsid charges is
shifted outward, the number of interior counterions de-
creases. For example, if the discrete capsid charges are lo-
cated at 2 Å from the outer surface �r=Rc+10 Å�, only 24%
of the counterions remained inside the capsid. This response
of the counterion distribution on the location of the capsid
charges could be understood from the electrostatic potential
energy, e.g., evaluated as the integral of the electrostatic field
squared. The electrostatic field in the region between the
inner and outer capsid surfaces becomes smaller if the coun-
terions are predominantly located at the surface at which the
capsid charges are residing.

Next, Fig. 3 �solid curve� shows that replacement of the
discrete capsid charges by a homogeneously charged spheri-
cal surface located at same radial position as the discrete
charges �r=Rc+2 Å� affect the counterion distribution very
weakly. Only a small reduction of the counterion density
near the inner capsid surface is observed. With a homoge-
neous spherical charge distribution, the electrostatic potential
inside the capsid is truly constant. Hence, even the discrete
capsid charge distribution generates a practically constant
electrostatic potential inside the capsid. This is reasonable,
since the distance between two neighboring capsid charges is
only �10 Å and the charges are evenly distributed.

Finally, the counterion distribution has been determined
by using the mean-field Poisson-Boltzmann �PB� equation
for the case of a homogeneous spherical charge distribution.
The predicted number of counterions inside the capsid is 127
as compared to 130 obtained from the MC simulation for the
same model. Moreover, Fig. 3 �dotted curve� shows that the
PB equation provides a reasonable distribution of the coun-
terion density. The accumulation of counterions at the inner
capsid surface is underestimated �e.g., 6% reduction of the
contact density�, and the counterion density is overestimated
deeper in the interior. Thus, the partitioning and distribution
of the monovalent counterions are well described by the PB
equation.

FIG. 2. Capsid counterion �a� number density ��r� and �b� run-
ning coordination number nrc�r� as a function of the radial distance
r for a polyelectrolyte-free capsid with cell radius Rcell=100 �solid
curves� and 1000 Å �dashed curves�. The shaded areas denote the
location of the capsid.

FIG. 3. Difference of capsid counterion number densities ���r�
as a function of the radial distance r for a polyelectrolyte-free
capsid with a cell radius Rcell=100 Å, where ���r�= lp

0�r�− lp
0�r�

�solid curve� and ���r�=�h
PB�r�−�h

MC�r� �dotted curve� with su-
perscripts “h” and “d” denoting a homogeneous and a discrete
capsid charge distribution, respectively, and the subscript referring
to the numerical solution method �see text for more details�. The
shaded area denotes the location of the capsid.

ANGELESCU, BRUINSMA, AND LINSE PHYSICAL REVIEW E 73, 041921 �2006�

041921-6



B. Polyelectrolyte-containing capsid

We will first consider a capsid containing the flexible
polyelectrolyte of the intermediate length. It will be followed
by an account of the effects of varying the polyelectrolyte
length and the influence of the chain stiffness.

1. Flexible polyelectrolyte of intermediate length

The flexible polyelectrolyte �mimicking ssRNA� of inter-
mediate length possesses Nb=250 beads and has the bare
persistence length lp

0 =8.5 Å. The polyelectrolyte and the
capsid have the same absolute charges, giving the charge
ratio 
=1, which will be referred to as the charge-neutral
case. The contour length of the polyelectrolyte is about five
times the circumference of the inner capsid surface, =5,
and the bare persistence length is much smaller than the ra-
dius of the inner capsid surface, �=0.2. Within the statistical
uncertainty, the results for this system did not depend on the
initial chain configuration.

Figure 4 displays a typical snapshot of the encapsidated
polyelectrolyte molecule. The polyelectrolyte appears to be
at the inner capsid surface. Moreover, the chain is locally
well folded, which is supported by the average angle be-
tween consecutive beads being 
��=126° and much smaller
than 180°. The toroidal parameter is small, �=0.04.

The polyelectrolyte structure factor S�q� is shown in Fig.
5 �solid curve�. The weak maximum at q�1.3 Å−1 is related
to the to average spacing between bonded beads d
�
Rbb

2 �1/2=5.8 Å by d�2� /q. A sequence of sharp minima
appears in the interval q�0.07–0.7 Å−1. The position of
these minima agree with those of the form factor of a 10 Å
thick homogeneous spherical shell centered at r=45 Å �dot-
ted curve�.

The radial number density of the beads is shown in Fig.
6�a�. A prominent peak appears at the hard-sphere contact
distance of the beads with the inner capsid surface �r

=48 Å�, and nearly all beads are in fact localized in a spheri-
cal layer of �10 Å thickness, in agreement with the structure
factor analysis. The rms radius of gyration 
RG

2 �1/2=45.8 Å
of the polyelectrolyte is consistent with the adsorption of the
polyelectrolyte beads to the inner capsid surface.

The radial number densities of the small ions are also
shown in Fig. 6. On average six of the 250 polyelectrolyte
counterions resided inside the capsid, while practically none
of the capsid counterions remained inside the capsid. The
distribution of the polyelectrolyte counterions inside the
capsid is fairly homogeneous with a maximum at r=40 Å
and a depletion layer near the inner capsid surface �Fig.
6�a��. This implies that the electrostatic potential is relatively
uniform at r�30 Å even when the polyelectrolyte is present.
Outside the capsid, capsid counterions are accumulated near
the capsid surface, whereas polyelectrolyte counterions are
depleted near the outer surface �Fig. 6�b��. The small-ion
density profiles level off and merged at r�300 Å.

In summary, for the charge-neutral complex �
=1�, the
flexible polyelectrolyte is localized close to the inner capsid
surface and locally folded with little lateral ordering and no
spool-like arrangement. Since the electrostatic potential gen-
erated by the capsid charges is basically constant inside the
capsid, the driving force for the adsorption of the polyelec-
trolyte at the inner surface must be mainly the electrostatic
self-repulsion of the polyelectrolyte chain. The self-repulsion
is however too weak to produce a lattice ordering �Wigner
crystallization� at the inner surface.

The encapsidation process involves a substantial amount
of counterion release from the both the polyelectrolyte and
the capsid. Its thermodynamic consequences will be dis-
cussed in Sec. III C. Despite the zero charge of the complex
�
=1�, the number of polyelectrolyte counterions residing
inside the capsid exceeds the number of capsid counterions.
The weak accumulation of polyelectrolyte counterions at the
inside surface of the bead layer originates from the deviation

FIG. 4. Snapshot showing an encapsidaded polyelectrolyte con-
sisting of Nb=250 beads with a bare persistence length lp

0 =8.5 Å
�connected gray spheres� and the capsid charges �dots� taken from
the end of the production simulation. The small ions are omitted for
sake of clarity.

FIG. 5. Single-polyelectrolyte structure factor S�q� as a function
of the wave vector q in a log-log representation for an encapsidaded
polyelectrolyte with Nb=250 beads and a bare persistence length
lp
0 =8.5 Å with a cell radius Rcell=563.1 Å �solid curve�. The form

factor P�q� for a spherical layer with the inner radius R1=40 Å and
the outer one R2=50 Å, according to P�q�=Nb�3/ �q3�R2

3−R1
3��

���qR2�2j1�qR2�− �qR1�2j1�qR1���2 with j1 denoting the spherical
Bessel function of the first order, is also given �dotted curve�.
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of a nonspherical distribution of mainly the discrete poly-
electrolyte charges enabling charge correlations. The accu-
mulation of the �negatively charged� capsid counterions and
the depletion of the �positively charged� polyelectrolyte
counterions near the outer capsid surface is a consequence of
the �positive� net charge of the polyelectrolyte-containing
capsid when now also including the small ions inside the
capsid.

To gain further insight into the effect of the capsid charges
on the polyelectrolyte conformation, three simplified systems
were investigated, in which the capsid is uncharged and its
counterions are removed. In system I, both polyelectrolyte
and polyelectrolyte counterions are confined inside the non-
permeable sphere �a similar system was recently studied by
Pais et al. �42��. In system II, the capsid is permeable only to
the polyelectrolyte counterions and the cell radius is Rcell
=563.1 Å. In system III, the capsid is again permeable for
the polyelectrolyte counterions but with an infinite Rcell.
Technically, system III was realized by having the polyelec-
trolyte confined in a sphere with no counterions present. At
an infinite cell radius, all counterions are diluted away. In all
three systems, the capsid had the same size as before and the
polyelectrolyte possessed Nb=250 beads and had the bare
persistence length lp

0 =8.5 Å.

Figure 7 shows the radial bead number densities of sys-
tems I–III. In the case of the impermeable capsid �system I�,
the beads are relatively homogeneously distributed over the
spherical volume, with a weak density maximum at r
�36 Å and a depletion region near the surface of the sphere.
For a semipermeable capsid with the finite Rcell �system II�,
the bead distribution remains fairly homogeneous but the
density maximum is closer to the capsid surface �r�42 Å�
and more pronounced. Most of the polyelectrolyte counteri-
ons �184 of the 250� remain in the capsid. Finally, in the
absence of any counterions �system III�, the polyelectrolyte
is strongly accumulated to the inner capsid surface, leaving a
large void at r�40 Å. Thus, we observe a successive dis-
placement of the polyelectrolyte to the capsid surface at de-
creasing number of counterions residing inside the capsid,
which is attributed to the reducing screening of the bead-
bead repulsion. Eventually, when all counterions are diluted
away a large central region inside the capsid becomes free of
polyelectrolyte beads.

We can now assess the effect of the capsid charges on the
polyelectrolyte distribution. First, a comparison of the bead
density distributions for the charged capsid in Fig. 6 and the
uncharged capsid �system II� in Fig. 7, at identical cell vol-
ume, shows that the presence of the capsid charges and
capsid counterions triggers a strong adsorption of the poly-
electrolyte beads on the inner capsid surface. Next, in fact
the bead density distribution for the charged capsid in Fig. 6
is nearly identical to that for the uncharged capsid at infinite
volume �system III� in Fig. 7. This should not come as a
surprise, since in the former system only six polyelectrolyte
counterions and no capsid counterions reside in the capsid,
whereas in the latter system there are no small ions at all.

Hence, the adsorption of the polyelectrolyte onto the inner
capsid surface is not due to a direct electrostatic attraction
between polyelectrolyte and capsid charges. �The electro-
static potential inside the capsid originating from the capsid

FIG. 6. Number density ��r� of �a� beads and polyelectrolyte
counterions and �b� polyelectrolyte counterions and capsid counte-
rions as a function of the radial distance r for an encapsidaded
polyelectrolyte with Nb=250 beads and a bare persistence length
lp
0 =8.5 Å with a cell radius Rcell=563.1 Å. In �a�, the density of the

polyelectrolyte counterions is multiplied by 100.

FIG. 7. Bead number density ��r� as a function of the radial
distance r for an uncharged spherical capsid confining one poly-
electrolyte with Nb=250 beads and a bare persistence length lp

0

=8.5 Å, where the capsid is nonpermeable for the polyelectrolyte
counterions �system I�, the capsid is permeable for polyelectrolyte
counterions and a cell radius Rcell=563.1 Å �system II�, and the
capsid is permeable for the polyelectrolyte counterions and infinite
Rcell �system III�.
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charges is virtually constant.� Instead, we propose the fol-
lowing mechanism. Without capsid charges, the polyelectro-
lyte counterions are inside the capsid to match the polyelec-
trolyte charge and making the electrostatic field
emancipating from the capsid small. When capsid charges
are present, they replace the charge-matching function of the
polyelectrolyte counterions. At 
=1, the small ions now be-
come �to the leading order� homogeneously distributed
throughout the cell, which maximizes their entropy. Conse-
quently, the introduction of the capsid charges and their
counterions lead to a release of the polyelectrolyte counteri-
ons. Finally, since the screening among the polyelectrolyte
beads by the polyelectrolyte counterions has vanished, the
polyelectrolyte beads repel each other and by the geometrical

constrain they become adsorbed onto the inner capsid sur-
face.

2. Flexible polyelectrolytes of different length

Snapshots of the final configurations displaying the con-
figuration of encapsidated polyelectrolytes and the position
of the capsid charges for the nine systems with bead numbers
Nb=100, 250, and 400 and bare persistence lengths lp

0 =8.5,
50, and 550 Å using random initial chain conformations are
displayed in Fig. 8. Snapshots of using spool-like initial con-
figurations are shown for two cases with lp

0 =550 Å �chains
mimicking dsDNA�. Single-chain structure factors S�q�, ra-
dial bead number densities ��r�, and normalized radial num-
ber densities of the small ions ��r� /�av with �av denoting the
average number density in the cell for each of the nine sys-
tems are presented in Figs. 9 and 10 and Figs. 11 and 12,
respectively. Values of rms bead-to-bead separation 
Rbb

2 �1/2,
mean angle between three consecutive beads 
��, rms radius
of gyration 
RG

2 �1/2, and toroidal parameter � are compiled in
Table II.

We will start to examine the effect of varying the poly-
electrolyte length but maintaining the short bare persistence
length. Recall that that three different polyelectrolyte lengths
considered Nb=100, 250, and 400 correspond to
polyelectrolyte-capsid charge ratios 
=0.4, 1, and 1.6 and to
polyelectrolyte-capsid size ratios =1.9, 2.7, and 7.6, respec-
tively. No significant difference between the two different
types of initial chain configurations could be detected for the
flexible polyelectrolytes.

Figure 8 �first column� shows that in all three cases the
polyelectrolyte is locally well folded and disordered. The
smallest polyelectrolyte is too short to cover the capsid sur-
face, whereas the coverage becomes more homogeneous
with the longer chains. The toroidal parameter � is quite
small in all three cases �Table II�, and indeed no spool for-
mation is observed.

The corresponding structure factors shown in Fig. 9 �first
column� are similar for the two longer polyelectrolytes, but

FIG. 8. Snapshots showing encapsidated polyelectrolyte beads
�connected gray spheres� and capsid charges �dots� at increasing
number of beads Nb �bottom to top� and increasing bare persistence
length from lp

0 �left to right� taken from the end of the production
simulations. Same length scale is used among the panels. In �b.3�
and �c.3�, the right snapshots show final configuration obtained
from simulations starting with a spool-like initial chain configura-
tion. The small ions are omitted for sake of clarity.

FIG. 9. Single-polyelectrolyte
structure factor S�q� as a function
of the wave vector q in a log-log
representation at increasing num-
ber of beads Nb �bottom to top�
and increasing bare persistence
length from lp

0 �left to right� with
random �solid curves� and spool-
like �dashed curves� initial chain
configuration.
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display less-developed minima for the shorter one. The latter
is attributed to the poor coverage of the capsid surface lead-
ing to a larger heterogeneity of the local environment of a
bead.

The bead number density distributions shown in Fig. 10
�first column� display that the two shorter polyelectrolytes
are located within a 10 Å thick layer at the inner capsid
surface. For the longest polyelectrolyte there is, apart from
this surface layer, also a nearly uniform density involving
about 25 beads distributed over the remaining part of the
capsid interior. The density difference between the central
region and the shell region is too large to significantly alter
the form factor of a shell scattering model �43�, in agreement
with our numerical findings �cf. panels �b.1� and �c.1� of Fig.
9�.

Figure 11�a.1� shows that for the case of an undercharged
capsid �Nb=100, 
=0.4�, 48 capsid counterions reside inside
the shell. The capsid counterion density near the inner sur-

face is much larger than the density near the outer capsid
surface, just as for the polyelectrolyte-free capsid �
=0; see
Fig. 2�. For the charge-neutral case �Nb=250, 
=1�, Fig.
11�b.1� shows that all of the capsid counterions have been
released, as previously discussed. Finally, for the case an
overcharged capsid �Nb=400, 
=1.6� shown in Fig. 11�c.1�,
the capsid counterions are completely released and depleted
in a zone extending �300 Å from the outer capsid surface.
Panels �a.1� and �c.1� of Fig. 12 show that the distribution of
the polyelectrolyte counterions basically is the reverse of that
of the capsid counterions. For an undercharged capsid, a
depletion zone appears outside the capsid, while for an over-
charged capsid, the polyelectrolyte counterions are highly
concentrated near the inner surface.

Thus, the main features of the encapsidated polyelectro-
lyte remains, but the distribution of the small ions varies
among the undercharged, equal-charged, and overcharged
cases. Nevertheless, noticeable is the presence of beads in

FIG. 10. Polyelectrolyte bead
number density ��r� �in units of
10−4 Å−3� as a function of the ra-
dial distance r �in units of Å� at
increasing number of beads Nb

�bottom to top� and increasing
bare persistence length from lp

0

�left to right� with random �solid
curves� and spool-like �dashed
curves� initial chain configuration.
The shaded areas denote the loca-
tion of the capsid.

FIG. 11. Normalized capsid
counterion number density
��r� /�av as a function of the radial
distance r �in units of Å� at in-
creasing number of beads Nb �bot-
tom to top� and increasing bare
persistence length from lp

0 �left to
right� with random �solid curves�
and spool-like �dashed curves� ini-
tial chain configuration. The num-
bers of counterions inside the
capsid are also given.
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the capsid core for the longest chain. Naively, that seems to
be reasonable in view of the fact that the ratio of the poly-
electrolyte and capsid charges places us in the overcharging
regime, so one could expect a part of the polyelectrolyte
being not associated with the capsid.

It must, however, be recalled that the polyelectrolyte con-
figuration does not directly depend on the capsid charge
since the potential of the capsid charges is essentially uni-
form. To obtain a better physical insight, we turn again to the
counterion distribution. First, for the polyelectrolyte-free
capsid, carrying 250 elementary charges, about 125 counte-
rions are inside the capsid �see Fig. 2�b��. When the
polyelectrolyte-capsid complex was undercharged �Nb

=100�, 48 capsid counterions and no polyelectrolyte counte-

rions remained inside the capsid. For the charge-neutral
polyelectrolyte-capsid complex �Nb=250�, only a few poly-
electrolyte counterions remained inside the capsid. In none
of these cases there are sufficient polyelectrolyte counterions
inside the capsid to produce screening of the polyelectrolyte
self-repulsion. However, when the polyelectrolyte-capsid
complex is overcharged by 150 elementary charges �Nb

=400�, 121 polyelectrolyte counterions remained inside the
capsid. These counterions appear inside to compensate the
charge of the overcharged capsid. It is the screening action of
these counterions that facilitates some polyelectrolyte beads
to reside in the capsid interior �though significantly less than
121�. This result highlights the central role of the counterion
distribution for the polyelectrolyte configuration.

Finally, we notice that the distribution of the small ions
never is such that the net charge of the small ions inside the
capsid compensates the net charge of the polyelectrolyte-
capsid complex. The average net charge of the complex, in-
cluding the small ions residing inside the capsid, equals
125e, 52e, 6e, and −29e for 
=0, 0.4, 1, and 1.6, respec-
tively. The remaining charge compensation appears by
charges residing in a diffuse layer outside the capsid.

3. Polyelectrolyte flexibility

The role of polyelectrolyte flexibility will first be exam-
ined for the charge-neutral case �
=1�. Thereafter, we will
compare undercharged and overcharged capsids with poly-
electrolytes of various flexibility.

Polyelectrolytes with the three different chain flexibilities
corresponding to the bare persistence lengths lp

0 =8.5, 50, and
550 Å will be referred as to flexible, semi-flexible, and stiff,
respectively. We recall that the ratio of the persistence and
the inner capsid radius became ��0.2, 1, and 11, respec-
tively. Hence, we expect an enthalpic bending energy cost to
affect the encapsidation. For the two stiffer chains, the simu-
lation became more demanding and difficulties to achieve
equilibrium arose as concluded from obtaining somewhat
different results using different initial chain configurations.

FIG. 12. Normalized polyelec-
trolyte counterion number density
��r� /�av as a function of the radial
distance r �in units of Å� at in-
creasing number of beads Nb �bot-
tom to top� and increasing bare
persistence length from lp

0 �left to
right� with random �solid curves�
and spool-like �dashed curves� ini-
tial chain configuration. The num-
bers of counterions inside the
capsid are also given.

TABLE II. Average properties of encapsidated polyelectrolytes:
rms bead-to-bead separation 
Rbb

2 �1/2, angle between three consecu-
tive beads 
��, rms radius of gyration 
RG

2 �1/2, and the toroidal pa-
rameter � defined by Eq. �13�.

Nb lp
0 �Å�


Rbb
2 �1/2

�Å�

��

�deg�

RG

2 �1/2

�Å� �

100 8.5 5.93�1� 128.4�1� 45.03�2� 0.072�3�
50 5.84�1� 157.3�1� 45.90�3� 0.190�8�
550 5.65�1� 170.5�1� 46.81�2� 0.651�3�

250 8.5 5.81�1� 125.5�1� 45.84�1� 0.040�1�
50 5.75�1� 156.7�1� 46.42�1� 0.116�2�
50a 5.71�1� 157.3�1� 46.56�1� 0.252�3�
550 5.65�1� 168.9�1� 46.80�1� 0.160�5�
550a 5.46�2� 170.2�1� 46.56�3� 0.586�2�

400 8.5 5.76�1� 119.7�1� 44.52�3� 0.035�1�
50 5.65�1� 155.5�1� 44.66�3� 0.061�1�
50a 5.66�1� 157.1�1� 45.05�2� 0.298�2�
550 5.47�2� 169.3�3� 45.30�9� 0.38�5�
550a 5.65�1� 169.8�1� 46.36�9� 0.69�1�

aFrom spool-like initial configuration.
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However, we will argue that it is still possible to reach cer-
tain meaningful conclusions.

Figure 8 shows snapshots of final states for a random
initial configuration �panels �b.2� and �b.3�, left� and for a
spool-like initial configuration �panel �b.3�, right�. Both the
semiflexible �Fig. 8�b.2�� and stiff �Fig. 8�b.3�� polyelectro-
lytes are locally extended, in contrast to the case of the flex-
ible polyelectrolyte shown in Fig. 8�b.1�. For the semi-
flexible polyelectrolyte, numerous rings appear which are
connected by some sharp bends �referred to as U turns�. The
toroidal parameter is low, �=0.12, due to these U turns. For
the case of a spool-like initial configuration, a single spool
emerged without any U turns �snapshot is not shown� and the
toroidal parameter is increased to �=0.25. The mean angle
between three consecutive beads becomes 
���157° for
both initial chain configurations, which indicates that still
some local bending fluctuations appear.

For the stiff polyelectrolyte with a random initial configu-
ration �Fig. 8�b.3�, left� the final configuration is similar to
that for the semiflexible polyelectrolyte except for a higher
degree of local order. In the case of a spool-like initial
configuration �Fig. 8�b.3�, right�, the final state is a well-
organized spool structure consisting of a number of concen-
tric rings without U turns. The two ends of the polyelectro-
lyte are located at the two poles of the spool and the toroidal
order parameter �=0.59 is achieved. The mean potential en-
ergies for the random and spool-like initial configurations are
U /NbkT=2.8 and 2.1, respectively. With the conjecture that
the polyelectrolyte enthalpy �from the bending energy� domi-
nates over the polyelectrolyte entropy �associated with the
polyelectrolyte configurational fluctuations�, we propose that
the structure obtained with the initial spool-like configuration
is the one closest to the equilibrium one. In fact, such a
“ground-state assumption” has been found to work well for
the adsorption of stiff polyelectrolytes on oppositely charged
macroions �44�.

Despite this lack of ergodicity in terms of the toroidal
order, the structure factors of the final states of the semiflex-
ible and stiff polyelectrolytes are nearly independent of the
initial configuration, and resemble that of the flexible poly-
electrolyte �cf. panels �b.2� and �b.3� with panel �b.1� of Fig.
9�. The radial bead density distributions showed that the
thickness of the bead layer decreased when the polyelectro-
lyte stiffness was increased �Fig. 10�. For the stiff chain, the
layer width is about one bead ��3 Å�. The thickness of the
bead layer is marginally larger for the random initial configu-
rations �solid curves� than for the spool-like initial configu-
rations �dashed curves�, presumably because the U turns lead
to some chain crossings. We also notice that the differences
among the radial density distributions �panels �b.1�, �b.2�,
and �b.3� of Fig. 10� are obviously too small to significantly
affect the form factor �43�. The number of counterions inside
the capsid and their radial number distribution also are only
marginally affected by the chain stiffness and the initial
chain configuration �panels �b.1�, �b.2�, and �b.3� of Figs. 11
and 12�.

We now continue with semiflexible and stiff chains away
from charge neutrality �
�1�. For the short polyelectrolyte
�Nb=100 and 
=0.4�, full ergodicity was achieved, while for
the longer polyelectrolyte �Nb=400 and 
=1.6�, we encoun-

tered a similar dependence on the initial configurations as for
Nb=250.

The encapidated short and stiff polyelectrolyte forms two
parallel rings separated by a transition region �Fig. 8�a.3��
consistent with =1.9. The two rings are approximately
symmetric with respect to a mirror plane that passes through
the center of the capsid. A similar structure can be discerned
for the short and semiflexible polyelectrolyte, although con-
siderable fluctuations are visible as well �Fig. 8�a.2��. For the
long and stiff chain and a random initial configuration, we
obtained a final structure that is characterized by a large
number of U turns �Fig. 8�c.3�, left�. For a spool-like initial
configuration, we encountered two separate organizational
motifs. The majority of the beads are part of a spool structure
being in close contact to the inner capsid surface, while a
minority of the beads is organized in an inner ring oriented
perpendicularly with respect to the spool �Fig. 8�c.3�, right�.
We regard the inner ring as a seed for the formation of a
second spool. The spacing between adjacent turns in the
spool is smaller as for chains of intermediate length. Using
mean potential energies and the ground-state approximation
as above, we again reach the conclusion that the spool struc-
ture is likely to describe the free energy minimum for the
stiff and long polyelectrolyte.

Also for undercharged and overcharged capsids, the struc-
ture factors given in Fig. 9 display only a weak dependence
on the stiffness.

The radial number density distributions shown in panels
�c.1�, �c.2�, and �c.3� of Fig. 10 supports our earlier observa-
tion that the beads of the longest encapsidated polyelectro-
lyte are only partly adsorbed on the inner capsid surface,
irrespectively of the polyelectrolyte stiffness. As for the in-
termediate chain length, the different number of chain cross-
ings inside the surface layer obtained for the two different
types of initial chain configurations affects the radial densi-
ties again only very little �panels �c.2� and �c.3� of Fig. 10�.

Finally, Figs. 11 and 12 show that the distributions of the
small ions are again insensitive to the polyelectrolyte flex-
ibility, for both 
=0.4 and 1.6.

Our central conclusion is that �i� the radial distribution of
the beads inside the capsid and the distribution of the coun-
terions are essentially independent of the polyelectrolyte
flexibility, but �ii� the lateral organization of the beads is
sensitively dependent on it. The fact that the radial density
distribution and the structure factor of both bead and coun-
terions are not very sensitive to the initial chain configuration
suggests that, despite the nonergodicity of our simulations
for stiffer chains, we still may be able to use our results for a
study of the thermodynamics of the polyelectrolyte-capsid
interaction.

C. Thermodynamics of polyelectrolyte encapsidation

The analysis of the thermodynamics of polyelectrolyte en-
capsidation is based on the scenario outlined in Fig. 1. The
encapsidation free energy was obtained as the free energy
difference between an initial state composed of separated
polyelectrolyte-free capsid and polyelectrolyte solutions and
a final state representing a solution of a polyelectrolyte-
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containing capsid. The procedure of evaluating the free-
energy difference is discussed in Appendix B.

Figure 13 displays the free energy change for the flexible
polyelectrolyte as a function of the ratio of the polyelectro-
lyte and capsid charges ranging from 
=0 to 3.2. Results are
only given for random initial configuration, since no differ-
ences were detected between results obtained for the two
procedures of generating initial chain configurations.

The free energy change �A�
� is negative over the 

range investigated. Of course, we have no information on the
barrier of the penetration of the polyelectrolyte into the
capsid, since the encapsidation path is not addressed here.
Next, �A�
� possesses a minimum at, or near, the charge-
neutral point �
=1� with �A�
=1��−2200kT, which corre-
sponds to −8.8kT per bead. Between 
=0 and 1, �A�
� de-
creased nearly linearly, whereas at 
�1 the increase became
more gradual leading to �A�
��−450kT at 
=3.2 and it can
be assumed by extrapolation that �A�
��0kT at 
=3.5.
Hence, for the flexible polyelectrolyte �i� the total electro-
static free energy of the final encapsidated state is lower than
that of the initial state, implying that the encapsidation is
thermodynamically favored, until the polyelectrolyte charge
is about is �3.5 times that of the capsid charge and �ii� the
encapsidation free energy gain is maximized for a charge-
neutral polyelectrolyte-capsid complex.

The enthalpic �U and entropic �S contributions to �A
are also displayed in Fig. 13. The enthalpy change �U�
� is
negative throughout and approximately a linear function of

. This linearity indicates that �U is dominated by the dif-
ference in electrostatic energy due to the potential difference
of single beads appearing in a polyelectrolyte solution and
inside the capsid. The long-range bead-bead electrostatic re-
pulsion, which would have a nonlinear dependence on 
,
apparently plays only a secondary role.

The encapsidation entropy change �S�
� is positive
�−�S�
� negative� for 
	2.4; hence the encapsidation is
entropically favored for this range of 
. The 
 dependence of
−�S�
� and �A�
� is similar and −�S�
� also displayed a
minimum at 
�1. From the crossings of �U and �S, we

find the encapsidation predominantly entropy driven for 

�1.7 and enthalpy driven for 1.7�
�3.2. Physically, the
increase in entropy upon encapsidation is due to the release
of capsid and polyelectrolyte counterions that are associated
with them in the initial state. Neglecting secondary effects,
this entropy increase becomes maximized for 
=1, since all
counterions can be released for a charge-neutral complex.
When 
�1, some counterions remain inside or near the
capsid to compensate for the net charge of the
polyelectrolyte-capsid complex. This claim can be verified
by making a first-order estimate of �Sestimate�
=1� /k. The
assumptions that �i� relative volumes of the regions of free
and trapped counterions are 103 and �ii� 50% of the counte-
rions �both polyelectrolyte and capsid counterions� are
trapped in the initial state and none in the final state give
�Sestimate /k�0.5�250+250�ln�103��1700, which is in quali-
tative agreement with the simulation results. In this view, at

=2.4 where �S�0 the entropy gain associated with the
release of the capsid counterions and some polyelectrolyte
counterions are balanced by the entropy cost of confining the
other polyelectrolyte counterions inside the capsid. At larger

, the entropy cost of confining an increasing number of
polyelectrolyte counterions dominates over the approxi-
mately constant entropy gain associated with the release of
the other small ions.

Figure 14 compares the encapsidation free energy of poly-
electrolytes with different stiffness as a function of the
charge ratio 
. For the case of the stiff polyelectrolyte results
are given for random and spool-like initial conformations,
since a statistical significant dependence on the initial chain
configurations is found. However, the function �A�
� for the
two are were similar and their difference is generally smaller
than the effect of the chain stiffness.

Three important observations that can be deduced from
Fig. 14 are �i� the encapsidation free energy gain is reduced
as the polyelectrolyte becomes stiffer, �ii� the reduction of

FIG. 13. Change in reduced free energy �A /kT, reduced en-
thalpy �U /kT, and reduced entropy −�S /k for the polyelectrolyte
encapsidation process shown in Fig. 1 and evaluated as described in
Appendix B as a function of the ratio of the polyelectrolyte and
capsid charges 
 at the bare persistence length lp

0 =8.5 Å.

FIG. 14. Change in reduced free energy �A /kT for the polyelec-
trolyte encapsidation process shown in Fig. 1 and evaluated as de-
scribed in Appendix B as a function of the ratio of the polyelectro-
lyte and capsid charges 
 at the bare persistence lengths lp

0 =8.5
�circles�, 50 �squares�, and 550 Å �triangles�. Results obtained us-
ing random �filled symbols and solid lines� and spool-like �open
symbols and dashed lines� initial chain conformations in the CP
systems are given.
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the free-energy gain due to stiffness is relatively small, and
�iii� the minimum of �A�
� is around 
�1 regardless of the
chain stiffness. At 
�1, �A /kT increases from ca. −2200 to
ca. −1900 as the persistence length is increased from 8.5 to
550 Å. This free energy change could be compared with the
average angular potential energy change �Uangle /kTNb
=0.77 and 2.44 for lp

0 =8.5 and 550 Å, respectively, for the
encapsidation process. Hence, the increase in �A by �1.2kT
per bead corresponded to the larger strain of 1.7kT per bead
induced in the stiff polyelectrolyte upon the encapsidation.

IV. DISCUSSION AND CONCLUSION

We have investigated the structure of capsid-enclosed vi-
ral polyelectrolytes and the thermodynamics of the encapsi-
dation process by performing MC simulations on a simpli-
fied model system. In the following, we will review our main
conclusions and confront them with theoretical predictions of
polyelectrolyte encapsidation based on the DH approxima-
tion.

The key conclusions of our study are as follows.
�i� The encapsidated chain is adsorbed onto the inner

capsid surface, not by direct electrostatic attraction to the
capsid charges, but through a self-repulsion among the poly-
electrolyte charges. The conformation of encapsidated chains
undergo a dramatic reorganization at increasing bare persis-
tence length as monitored by toroidal order parameter �. For
low intrinsic stiffness, the chain configuration is essentially
laterally disordered, while with increasing stiffness the chain
adopted a spool-like structure that resembles the dsDNA con-
figuration observed for phage viruses. Our results indicate
the possibility of a sharp transition from a disordered to
spool-like structure at increasing polyelectrolyte stiffness.

�ii� For undercharged capsids �
�1� and for moderately
overcharged capsids �1�
�2.4� encapsidation is favored
both enthalpically and entropically. The entropy increase is
due to a net release of small ions. For stronger overcharged
capsids �
�2.4� encapsidation still is enthalpically favored,
but entropically disfavored. For even stronger overcharged
capsids �
�3.5� the entropy penalty becomes larger than the
enthalpy gain and the encapsidation ceases to be thermody-
namically favorable.

�iii� The encapsidation free energy gain per polyelectro-
lyte monomer is maximized when polyelectrolyte and capsid
charges fully neutralized each other �
=1�.

�iv� The chain stiffness affects only weakly the thermody-
namics, despite its strong structural effects.

The third conclusion would have interesting consequences
in the context of the life cycle of a virus. Suppose a viral
genome was progressively packed into a partially filled
capsid. As the number of packed monomers increased, the
addition of successive monomers would continue to lower
the free energy, provided the number of beads was such that
the complex remained undercharged �
�1�. Polyelectrolyte
packaging would be a thermodynamically spontaneous pro-
cess in this regime. For an overcharged complex �
�1�, the
addition of a monomer would increase the free energy of the
system, i.e., this would not be a spontaneous process. Hence,
if we envision the encapsidation process as a passive step-

by-step loading process it would not continue past the
charge-neutral point. However, the total encapsidation free
energy will remain negative as long as the number of beads
is less than about 3.5 times the number of capsid charges
�
�3.5�. Therefore, at least theoretically, a cooperative
capsid self-assembly and genome confinement can give rise
to overcharged capsids.

Our simplified model neglects some important features of
T=3 viruses, which makes it difficult to confrontation our
data with experimental viral assembly studies. First, impor-
tant characteristics of T=3 viruses scale differently upon a
size reduction. Second, we considered the salt-free limit; at
physiological salt conditions, the added salt screens
�weaken� the electrostatic interactions. Both issues affect
quantitatively the free energy change in a way, but not quali-
tatively. Nonetheless it can be mentioned that the structural
studies of self-assembling T=3 ssRNA viruses report that the
charge of the encapsidated polyelectrolyte typically lies in
the range of −3500e to −4000e �37�. If we compare this to
the typical capsid charge of about +1800e to +2300e �32�,
we must conclude that typical T=3 ssRNA viruses are actu-
ally highly over charged. Confusingly, in vitro studies of the
encapsidation of short homopolymer ssRNA strands in
CCMV capsids by Bancroft �45�, using sedimentation meth-
ods, report that the encapsidated RNA charge corresponds to
about −1500e, which is lower than the capsid charge of
about +2000e. A separate in vitro study of the self-assembly
of hepatitis B virus with shorter RNA sequences also appears
to produce packing fractions that are significantly lower than
that of those of actual viral genome, though this was not
established on a quantitative basis �9�.

It is interesting to compare the results of our model with
the theory of van der Schoot and Bruinsma based on the DH
approximation �32� and applied to encapsidation at finite salt
concentrations. They obtained a dependence of the encapsi-
dation free energy on the number of monomers that re-
sembled Fig. 14; however, with the minimum located at a
polyelectrolyte charge twice that of the capsid. Overcharging
is in fact a well-known feature of polyelectrolyte adsorption
on oppositely charged surfaces �46–51�. The physical expla-
nation of this phenomenon is based on the idea that only a
fraction of the charged monomers are involved in the charge
neutralization of the oppositely charged surface, the remain-
ing ones are electrostatic screening by the added salt ions. It
would seem that the in vivo charge and size of the polyelec-
trolyte of T=3 ssRNA viruses can be better accounted for by
the DH description with added salt, whereas in vitro self-
assembly with shorter RNA sequences is in closer accord
with the results of the present model without salt.

The structural results of our model also can be compared
with the theory by van der Schoot and Bruinsma �32� by
focusing on the bead density profile. We found that for the
charge ratio 
�1, all beads are essentially adsorbed on the
inner capsid surface, while the core of the capsid was empty.
In the overcharged regime, 
�1, the density was high near
the capsid surface and low and relatively uniform in the in-
terior. On the other hand, the theory predicted for packing
fraction at or near the free-energy minimum that the genome
density should exhibit a radial power-law dependence ex-
tending into the capsid interior. The RNA density profiles of
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T=3 ssRNA viruses measured by x-ray diffraction report that
the RNA density is high and relatively constant, apart from a
nearly empty core with a radius of about 10 nm �7,52�. These
features appear to be better reproduced by our model than by
the DH-based theory.

Finally, we will argue that the main origin for the differ-
ence between the locations of the minimum of the free en-
ergy with respect to polyelectrolyte-capsid charge ratio ob-
tained in the present paper and in van der Schoot and
Bruinsma �32� originates in differences between the two sys-
tems that were investigated. We believe that the screening
length–capsid size ratio plays a fundamental role in this re-
spect. In particular, in the present system there was no added
salt. �Whether a screening length can be defined for a system
without added salt is dubious.� Under these conditions the
free energy cost of forming a system where the net charge of
the polyelectrolyte-capsid complex deviates significantly
from zero is significantly enhanced. On the other hand, in the
work by van der Schoot and Bruinsma �32� the Debye
screening length was small compared to the capsid size.
Hence, polyelectrolyte charges inside the capsid that are lo-
cated far from the capsid surface were screened by the added
salt ions, while these charges are still contribute to the charge
balance of the complex. This is perhaps better illustrated by
comparison with the adsorption of polyelectrolytes onto a
planar and oppositely charged surface �53�. If the salt con-
centration is low—and the Debye screening length large—
then the adsorbed amount is to the first order controlled by
charge neutralization, whereas at higher salt concentrations
the polyelectrolyte charge exceeds that of the surface. The
physical reason is again that the outer part of the adsorbed
polyelectrolyte layer is electrostatically decoupled from the
surface by electrostatic screening.
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APPENDIX A: PROLATE-SHAPED CELL FOR
POLYELECTROLYTE SOLUTION

Properties of polyelectrolyte solutions are approximated
with those of a polyelectrolyte and its counterions confined
in a prolate-shaped cell. In this appendix some details of the
selection of the prolate shape and polyelectrolyte properties
are provided.

The cell volume is determined by the polyelectrolyte den-
sity of the solution. Here, a dilute polyelectrolyte solution
with a bead number density �b=5.11�10−7 Å−3 is selected.
The cell shape should ideally mimic the shape of the poly-
electrolyte. The large linear charge density of the polyelec-
trolyte and the presence of monovalent counterions only lead
to an extended polyelectrolyte, suggesting a prolate-shaped
cell. Auxiliary simulations showed that polyelectrolyte prop-
erties in a prolate-shaped cell of constant volume is insensi-
tive to �i� the length of the major axis Rz, provided it is larger
than half the polyelectrolyte contour length, and �ii� the mi-
nor axes Rx and Ry, provide they are larger than �100 Å.

Prolate-shaped cells with minor axes Rx=Ry =250 Å and
the major axis Rz adjusted to the selected bead number den-
sity �Table III� were employed for the nine different poly-
electrolyte solutions. Polyelectrolyte properties such as rms
end-to-end distance, rms components of the gyration tensor
along the principal axes, and a shape factor are collected in
Table III. The rms value of the intermediate component of
the gyration tensor 
Gyy

2 �1/2 is at most 90 Å and thus much
smaller than the minor axes. Moreover, Rz exceeded by at
least fourfold the rms values of the largest component of
gyration tensor 
Gzz

2 �1/2. Hence, beside the indirect effect of
confining the counterions, we consider the hard-sphere sur-
faces of the confining cell to have only a marginal effect on

TABLE III. Polyelectrolyte properties determined from simulation of a polyelectrolyte and monovalent
counterions confined in prolate-shaped cell at bead number density �b=5.11�10−7 Å−3: rms bead-to-bead
separation 
Rbb

2 �1/2, angle between three consecutive beads 
��, rms end-to-end distance 
Ree
2 �1/2, rms com-

ponents of the gyration tensor along the principal axes 
Gxx
2 �1/2, 
Gyy

2 �1/2, and 
Gzz
2 �1/2 �Gxx	Gyy 	Gzz�, and

shape factor 
Ree
2 � / 
RG

2 �.

Nb

Major
axisa

�Å�
lp
0

�Å�

Rbb

2 �1/2

�Å�

��

�deg�

Ree

2 �1/2

�Å�

Gxx

2 �1/2

�Å�

Gyy

2 �1/2

�Å�

Gzz

2 �1/2

�Å� 
Ree
2 � / 
RG

2 �

100 750 8.5 6.09�1� 130.7�2� 335�5� 11.3�3� 27�1� 105�2� 9.3�1�
50 6.08�1� 158.0�1� 426�7� 12.6�5� 33�2� 132�2� 9.5�2�
550 6.07�1� 172.8�1� 536�5� 9.3�3� 25�2� 160�2� 10.9�1�

250 1875 8.5 6.12�1� 132.1�2� 885�23� 23�2� 58�5� 271�8� 10.1�0.2�
50 6.09�1� 158.1�1� 1137�21� 27�2� 45�4� 341�8� 10.8�0.1�
550 6.08�2� 172.8�1� 1273�13� 24�2� 67�2� 375�4� 11.1�0.1�

400 3000 8.5 6.11�1� 131.7�2� 1443�13� 36�3� 54�2� 426�3� 11.2�0.1�
50 6.07�1� 158.0�1� 1575�16� 47�3� 91�2� 464�4� 11.0�0.2�
550 6.07�2� 172.7�1� 1885�43� 32�2� 80�2� 533�11� 12.2�0.2�

aLength of minor axes Rx=Ry =250 Å.
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the polyelectrolyte configuration at the selected �b.
Table III also provides some other properties of the poly-

electrolytes. Noticeably, is the approximately linear increase
of the rms end-to-end separation at increasing number of
beads and the more extended shape as deduced from the
shape factor at increasing bare persistence length. Extensive
simulations of polyelectrolyte properties in polyelectrolyte
solutions have been made by Stevens and Kremer �54�.

APPENDIX B: FREE ENERGY CHANGE OF
POLYELECTROLYTE ENCAPSIDATION

The procedure for the calculation of the free energy
change of the polyelectrolyte encapsidation as depicted in
Fig. 1 will be described in this appendix. The initial state
contains two separated systems, one involving a
polyelectrolyte-free capsid with its counterions in a spherical
cell �C�, and one involving a polyelectrolyte with its counte-
rions in a prolate-shaped cell �P�. In the final system, the
polyelectrolyte is enforced to be inside the capsid, whereas
the small ions may explore the full spherical cell �CP�.

The calculation of the free energy of the polyelectrolyte
encapsidation �A is facilitated by introducing decoupled
states of the three systems, in which only the hard-core in-
teractions remain �38�. Thus, �A can be expressed as a sum
of three terms

�A = �A1 + �A2 + �A3 �B1�

with

�A1 = − �AC − �AP = − �AC�coupled� − AC�uncoupled��

− �AP�coupled� − AP�uncoupled�� , �B2�

�A3 = �ACP = ACP�coupled� − ACP�uncoupled� , �B3�

where �A1 denotes the free energy change of decoupling the
C and P systems, �A2 the free energy of mixing the decou-
pled C and P systems into the decoupled CP system, and �A3
the energy change of coupling the CP system.

The free energy difference between the coupled and the
decoupled states of a system can be evaluated by a coupling
integration according to

�A � A�1� − A�0� � �
0

1 �

��
A���d� = �

0

1 � �

��
U����

�

d�

�B4�

where the coupling parameter � denotes a path from the
decoupled ��=0� to the coupled ��=1� state described by
U��� and 
¯� denotes a canonical ensemble average. In the
present study, the path obtained by replacing e2 with ��e�2 in
Eqs. �3� and �4� kbond with �9kbond in Eq. �5�, and kang with
�6kang in Eq. �6�, which produced reasonably smooth inte-
grands in Eq. �B4�, was used. The integral was evaluated by
using the trapezoidal rule with 13 � values.

The free energy term �A2 in Eq. �B1� describes the free
energy change of mixing two hard-sphere solutions subjected

to one constraint. It can be divided into an ideal and a hard-
sphere contribution according to

�A2 = �A2
ideal + �A2

HS. �B5�

By considering the hard spheres originating from the poly-
electrolyte beads and the small ions as distinguishable, we
have

�A2
ideal

kT
= − Nb ln�VCP

int � − �Ncion,C + Ncion,P�ln�VCP�

− �− Ncion,C ln�VC� − �Nb + Ncion,P�ln�VP��

= − Nb ln�VCP
int

VP
� + �− Ncion,C ln�VCP

VC
�

− Ncion,P ln�VCP

VP
�� �B6�

where Nb, Ncion,C, and Ncion,P represent the numbers of beads,
capsid counterions, and polyelectrolyte counterions, respec-
tively, VC and VP are the cell volumes of the initial systems,
VCP is the cell volume of the final system �for the sake of
simplicity the volume occupied by the capsid is neglected�,
VCP

int is the interior volume of the capsid, and k is Boltzmann’s
constant. In Eq. �B6�, the first term in the last expression
represents the compression of the �now� ideal unconnected
beads into the capsid and the second one the free energy
change of mixing two ideal solutions.

The second term in Eq. �B5� denotes the excess hard-
sphere contribution. Using the Carnahan-Starling equation
�55�, it can be expressed according to

�A2
HS

kT
= ��ACS�Nint,�int� + �ACS�Next,�ext�� − ��ACS�Nb

+ Ncion,P,�P� + �ACS�Ncion,C,�C�� �B7�

with

�ACS�N,�� = N
��4 − 3��

1 − �
�B8�

where Nint and Next are the number of hard spheres inside and
outside the capsid, �int and �ext the hard-sphere volume frac-
tions inside and outside the capsid, and �P and �C the hard-
sphere volume fractions in the two initial systems.

There is one final complication regarding the CP system.
Because the hard spheres originating from the polyelectro-
lytes are confined in the capsid, the density of the hard
spheres originating from the small ions will not be equal
inside and outside the capsid. Hence, the distribution of par-
ticles entering in Eqs. �B5�–�B8� needs formally to be deter-
mined by a free energy minimization.

At the present conditions, the value of �A2
HS ��0.1kT�

and the change in �A2
ideal due to the abovementioned redis-

tribution ��1kT� are smaller than the statistical uncertainties
in �A1+�A3, making these two issues less important. Hence,
the approximation �A2��A2

ideal is sufficient.
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